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Students encounter difficulties in understanding integral because the
concept of integral requires the usage of theorems, formulas, daily life
practices, and interdisciplinary approaches. From this point of view, in
this study we examine the effects of a teaching process consisting of
modelling activities on understanding the definite integral with the help
of Riemann sums. The research is designed according to the case study
based on a qualitative research method. Participants consist of 28 pre-
service mathematics teachers who have limited understanding of integral
although they have completed a Calculus course. The modelling activities
were prepared in accordance with the emergent modelling approach. Data
were collected through integral test and semi-structured interviews
conducted before and after the teaching process. Before the teaching
process consisting of modelling activities, pre-service mathematics
teachers’ knowledge about the definite integral was included in the area
under a curve, inverse of derivative and integral with known boundaries.
In addition, participants did not refer to Riemann sums or cumulative
sums. After the teaching process consisting of modelling activities, it was
seen that almost all participants could explain the following equality

lim Yy_, f(c) Axy, = f; f(x)dx. At the end of the teaching process
n—oo

consisting of modelling activities, this process has enabled pre-service
teachers to establish the relationship between Riemann sum and definite
integral. Findings revealed that teaching process of the definite integral
enhanced the understanding the definite integral.

Introduction

The concept of integral is inherently closely related to the concepts of series, limit and
derivative and it is used as an umbrella concept in conjunction with many subjects or
situations such as functions, trigonometry, geometry, and real-life problems. Many
researchers have accepted the challenges of teaching and learning of integral which is an
important concept in Calculus (Ergene, 2014; Ferrini-Mundy & Graham, 1994; Rasslan &
Tall, 2002). Students generally regard integral as an area under a curve or inverse of
derivative and this causes limited understanding of the integral (Sealey, 2008). This limited
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understanding causes not to notice the theoretical structure underlying integral concept. For
example, a student who can successfully solve the integral problem f: e*dxand find the
answer (e — e?®) gives a response as the definite integral [DI] or inverse of derivative to the
question “What does f: f(x)dx mean?”. This response shows limited and incomplete

understanding of integral. Furthermore, limited understanding of integral leads students to see
integral as an abstract and difficult concept and also to have high anxiety and negative attitude
towards the concept of integral (Ergene, 2021a, Ergene, 2019; Ergene & Ozdemir, 2020a).

Nowadays in mathematics education, using of technology, modelling activities, and real-life
problems are offered in order to develop understanding of mathematical concepts. For the
understanding of integral, it is suggested that the key concepts such as Riemann sums [RS]
and Fundamental Theorem of Calculus [FTC] should be emphasized in teaching process of
integral. Furthermore, consideration that integral is a concept that is not far from real-life will
be appropriate to the purpose of today’s education system.

In this paper, firstly, the problem is defined and explained by supporting with the literature.
After that, significance of the study is expressed and finally, the teaching process as a possible
remedy for the problem is presented

Defining the Problem

The first researcher of the present study has noticed some problems in the teaching
process of integral in calculus courses which he has taken before. In these courses, instructors
did not pay attention to RS and real-life applications of integral and they taught integral by
providing formula or sequence of operations. Furthermore, it was observed that students who
successfully completed the courses in which the integral is taught, used only procedural or
formula-based stereotypes related to the integral. This situation experienced by the researcher
takes place also in the related literature.

Literature Review

In line with the focus of this research, in this section the concept of DI is emphasized.
Studies on the concept of DI are about the lack of understanding of DI, difficulties in the use
of RS and incomplete or incorrect use of DI in different disciplines and real-life situations.

Research indicated that although most of the students were able to apply routine step-by-step
basic integral procedures to find the area under a curve, they were rarely able to explain their
operations (Artigue, 1991). In addition, Chapell and Kilpatrick (2003) found that students
who have experienced concept-based instruction scored significantly higher than students
who have received process-based instruction. Hence, it is suggested that concept-based
teaching can help students enhance their understanding in calculus courses (Mabhir, 2009).
Understanding of DI can be enhanced by using the following basic behaviors.

e DI can be defined by emphasising “FTC”, “area under a curve” and “cumulative

sums”.
e Using of DI in real-life situations (Berry & Nyman, 2003; Thompson, 1994)
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Cumulative sums emphasis. Computation of DI can be made by using limit of RS if DI exists
and the function is continuous ( f: f)dx = lim Y%, f(x;).Ax;) (Shekutkovski, 2013).
n—->oo

Hence, the concept of limit is important in making sense of RS. RS is commonly used in the
partitioning process and are often preferred in mathematics (Thomas, Weir, Hass & Giordano,
2016). However, research showed that most of the students had difficulty in calculating given
RS (Orton, 1983) and they were reluctant to understand why RS and integral are used
(Wagner, 2018). It was also observed that difficulties in teaching concept of integral can be
stem form instructors’ way of teaching. For instance, Jones (2015a) emphasised that teachers
did not spend enough time on RS while teaching DI.

On the other hand, Darvishzadeh, Shahvarani-Semnani, Alamolhodaei and Behzadi (2018)
found that the use of RS while of solving the integral problem increases achievement.
Moreover, calculating desired distance by multiplying quantities such as time and speed is
important to understand RS conceptually (Jones, Lim & Chandler, 2017). In addition to
graphical only interpretations, emphasising cumulative sum concept can support development
of students’ quantitative reasoning (Jones, 2018).

RS and Area under a Curve. According to Nguyen and Rebello (2011) and Rasslan and Tall
(2002), students’ knowledge about integral is limited to the area under a curve. Although
students could perform routine procedures to calculate area under a curve, they rarely could
explain underlying reason behind their calculations (Artigue, 1991). Since they were unable to
associate this area with RS, they lacked conceptional understanding (Sealey, 2008). Students
believe that use of RS in calculating the area of small rectangles under a curve is just a proof
and that its relationship with DI is not strong (Ferrini-Mundi & Graham, 1994). Therefore,
association of DI with the area under a curve is much more dominant and common among
students than RS.

McDermott, Rosenquist and van Zee (1987) stated that in physics problems, students
demonstrate operational skills to find the area under a curve, but they did not possess the
knowledge regarding why the area under a curve is equal to the work or total energy. In
interpreting the area under a curve with the function graph, it is emphasized that the structure
of RS should be understood in order to understand that the area can also express a different
situation, such as speed, work or energy (Thompson & Silverman, 2007). One of the main
reasons for the use of integral in this way might be that RS are not emphasized and integral
concept is explained away from the real-life.

Significance of the Study

Students might not hold quantitative meanings for the components of an integral
despite being proficient with integral calculations (Orton, 1983; Orton, 1984; Serhan, 2015;
Rasslan & Tall, 2002); challenges students experience when attempting to apply definite
integrals to contexts in physics or engineering (Sealey, 2014; Meredith & Marrongellle, 2008;
Simmons & Oechrtman, 2017; Chhetri & Oehrtman, 2015); students’ difficulties with
coordinating the product structure of an accumulated quantity (Sealey, 2014); components of
productive understandings of the Fundamental Theorem of Calculus and the product structure
of integral applications in the sciences (Carlson, Smith, & Persson, 2003; Thompson, 1994);
the productivity of understanding the integral as a “quantitative-based summation” in
modelling (Chhetri & Oehrtman, 2015; Simmons & Oehrtman, 2017). Broadly, these studies
highlight that a constructive understanding of integration involves attention to the products
generating the accumulated quantity. Therefore, while teaching the concept of RS and DI, we
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should take students’ difficulties into account and provide them opportunities to engage in
activities that help them understand these concepts (Sealey, 2014). Moreover, in studies that
provide solutions to the difficulties experienced in the understanding of integral, the necessity
of using real-life problems involving RS in different contexts is emphasized. As Sealey
(2014) stated that additional research on students’ understanding of RS and DI and how they

set up a definite integral in the form of f: f(x)dx is required. Thus, it is believed that this
study may contribute to the literature by revealing how they establish a connection between

RS and DI. In this research, the Teaching Process of the Definite Integral [TPD] was designed
by using modelling activities that can enhance the understanding of DI with the help of RS.

The purpose of this research is to examine how TPD affects understanding of DI with the help
of RS. In the present study, understanding of DI includes “DI knowledge”, “association of DI
with the use of RS” and “association of DI with the concepts of limit and derivative”. For this
purpose, answers to the following questions were sought:

(1)How did the understanding of DI change after TPD?
(2)How did TPD support establishment of the relationship between DI and limit-derivative
concepts?

Research Design

In this study, qualitative research method (Creswell, 2003) was used. With the
research purpose, since understanding of DI included “DI knowledge”, “association of DI
with the use of RS” and “association of DI with the concepts of limit and derivative”,
embedded single case study design (Yin, 2003) was adopted. Thus, cases were addressed in
all aspects and in-depth perspective in the present study (Cohen, Manion & Morrison, 2000).

Participants

The participants of the study consist of 28 pre-service teachers who were enrolled in
Elementary Mathematics Education Program of Faculty of Education in one of the state
universities in Turkey. They were senior students and taking an elective course at the time of
the study. They chose this course among elective course options. The instructor of the course
was the first author of this study. The researcher mentioned the purpose and requirements of
the study to pre-service teachers. It was explained to pre-service teachers that participating in
the study requires solving some problems, taking some tests, and making interviews with the
researcher without affecting their grade point average in that course. For the study, 28 pre-
service teachers were selected on voluntarily basis. The study was conducted with them out of
the class hours. In order to ensure confidentiality, pre-service teachers were named as Pi,
P»,...P2g in the following sections. The reason for selecting these participants is the fact that
although the pre-service teachers have completed the courses in which integral is taught, they
demonstrated procedural skills regarding integral. Pre-service teachers have learned the
concept of integral in Calculus II course 5 semesters before the present study was conducted.
They were completed this course with - different grades.

Conceptual framework and Teaching Process of the Definite Integral

TPD which consists of modelling activities based on “development of partition idea”,
“use of RS” and “use of DI” was designed in order to enhance understanding of DI. The
modelling activities in TPD were designed according to the emergent modelling approach
(Gravemeijer, 2007). In emergent modelling approach, students can develop formal
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mathematical knowledge based on their informal knowledge by engaging in mathematical
activities including contextual tasks (Gravemeijer & Stephan, 2002). Students begin with a
“model of” a context which is familiar to them and move towards “model for” by solving
problems in various contexts. In this way, students’ informal thinking shifts towards formal
mathematical reasoning eventually (Gravemeijer, 1999). In emergent modelling approach,
activities and teaching process should be carried out for a long period of time (Gravemeijer,
2007). In this study 8 different modelling activities were used in TPD which lasted
approximately 6 weeks. While the first six modelling activities (Ai1-As) were designed to
develop the understanding of DI, the last two modelling activities were designed to evaluate
Ai-As. In addition, the activity “areas of shapes” was implemented before the activity A;
(Motorized Courier) in the classroom. “Area under a curve” activity was given to the
participants as a homework. The flow of the teaching process including modelling activities is
presented in Figure 1.
Disintegrating Idea and

Development of Disintegrating Idea Development of Disintegrating Idea fntroduction of Riemann Sums

Ay

Area of Shapes —_ A1 Ka Coast
rasu Coas

Motonzed Courier

Week 1 Week 1 Week 2
Using Riemann Sums and Using Riemann Sums and l
Introduction Definite Integral Introduction Definite Integral Using Riemann Sums

A,

Aj

Area Undera

Non-Uniform Rope Curve

!

A Broken Odometer

Week 4 Week 3 Homework

Using of Definite Integral Using of Definite Integral Evaluation of Activities

Ag E; Student Service

E; Cham on the Roof

Week 5 Week 5 Evaluation Week
Figure 1. The flow of the teaching process including modelling activities

The modelling activities used in the teaching process were determined in line with the aim of
the study. For instance, A1, Motorized Courier was taken from Thompson’s (1994) study and
modified by the researchers for the purpose of the study, i.e., in order to examine the
development of the partition idea. In his study, Thompson asked a young student of him the
following problem: “Imagine this. I’'m driving my car at 50 mi/hr. I speed up smoothly to 60
mi/hr, and it takes me one hour to do it. About how far did I go in that hour?”” Thompson’s
student expressed that the distance can be found with better approaches by using smaller time
intervals in roughly calculation of a distance that can be travelled. This problem was modified
by the researchers with an aim to identify the relation between the road proceeded by the
courier carrying cargo between two cities, and the time by using partition idea. The other
modelling activities used in the teaching process were designed in a similar way by ensuring
their validity and reliability (see Appendix for some of the modelling activities).

Pilot study of the TPD was conducted with three pre-service teachers. In teaching process,
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firstly development of partition idea and then, use of RS and finally conception of the definite
integral and the relationship between DI and RS were aimed. During the TPD, while
participants were engaging in modelling activities, the researcher guided them by using
questioning and brainstorming methods to help them make sense of DI because students
cannot discover all mathematical concepts themselves but through guided reinvention
(Doorman & Gravemeijer, 2009). Detailed information about the TPD was given in
Appendix. The TPD was implemented in individual, and group works in weekly meetings in
the class.

Data Collection Tools

Data were collected through the integral test and semi-structured interviews in the

study. The integral test was used to identify participants’ knowledge about DI and to examine
the effect of the TPD. The semi-structured interviews were conducted to determine the
participants’ views about DI and to determine differences in their opinions before and after
the TPD.
Triangulation technique was used in this research with the idea that it would increase the
internal validity and reliability of the study (Creswell, 2003). For example, the use of the
integral test and semi-structured interviews as different data collection tools indicates that this
study was performed by using triangulation to improve the validity and reliability (Yin,
2003).

Integral Test

The integral test was developed by the researchers and consisted of 5 open-ended
questions. It was implemented before and after the TPD in order to identify participants’
knowledge about DI. In the integral test, 1% question was about symbolic meaning of DI, 2"
question was about the relationship between DI and the concepts of limit and derivative, 3™
question was about the ordering of use of DI in the integral teaching process, 4™ question was
about calculations and interpreting given functions and 5™ question was about associating DI
with the function graph.

In the first phase, the questions were presented to three experts who have a PhD degree in
mathematics education. After the questions were revised according to expert opinions, a pilot
study was conducted with 34 participants. After the pilot study, some revisions were made in
the questions and the integral test was ready to administer for the main study. The integral test
was administered to the participants at the beginning and at the end of the TPD as a pre-test
and post-test respectively.

Semi-Structured Interview

In the semi-structured interview protocol, there were 2 questions. 1% question was
“What does a DI  mean?” and 2™  question was “Can  you

. b . . . : .
explain fa f(x)dx = Tlll_trolo Yieq f(x). Ax;)?”. Semi-structured interviews were conducted

with the participants at the beginning and at the end of the TPD as a pre-interview and post-
interview respectively.

Data Collection Process
During the data collection process, firstly, the pre-integral test was administered to,

and pre-interviews were conducted with the participants in order to determine their
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knowledge about integral. Then, the TPD was implemented in weekly periods but only
“Marking” and “Ivriz Dam” activities were implemented in the 5" week but in different days.
One-week break was given for the evaluation of activities “Student Service” and “Roof
Chain”. At the end of the TPD, the post-integral test was administered after four-weeks break
after the implementation of the evaluation activities in order to ensure retention and then post-
interviews were conducted with the participants.

Data Analysis

The data obtained from the semi-structured interviews were transcribed as verbatim.
Findings from the transcripts were presented in various sections with direct quotations. Codes
and categories were created from the participants’ responses to the questions in the Integral
Test. The participants’ responses for 15tand 2" questions in the integral test and 1 question
in the semi structured interview were coded by using analytical-inductive method (Knuth,
2002). First, the external (researcher-generated) codes were determined before data analysis.
Related literature, expert opinions and the researchers’ point of view have been effective in
the process of creating the categories. While analysing the data, other categories emerged as
internal (data-grounded) codes. For instance, for the 1% question in the integral test, “area
under a curve”, “inverse of derivative/FTC” and “cumulative sums” codes were ascertained as
external codes. In addition to these codes, during data analysis “definite integral” code
emerged and was added as an internal code. Moreover, for the 1% question asked in the
interviews, while “area under a curve” and “cumulative sums” were identified as external
codes, “integral with known boundaries” emerged as an internal code. On the other hand, 4
question in the integral test and 2" question in the interviews were analysed through a rubric.
Categories, code samples, and examples for the participants’ solutions are presented in tables
in the findings section.

Findings
The findings of the study will be presented in two sections consisting of findings
related to the integral test and findings related to the semi-structured interviews.

Findings for Integral test
Responses given by the participants to the questions “What does the representation of
b . . : .
fa f(x) dx means to you?” were examined in four categories which are DI, area under a

curve, inverse of derivative/FTC, and cumulative sums. These categories, related codes and
examples for the participants’ responses are presented in Table 1.

Table 1. Categories, codes and examples for the 1% question in the integral test

Category Code Example for participants’ responses

Areaunder a curve  Area of Region The area of f(x) function between a and b.
Function

Inverse of Anti-derivative The inverse of derivative

derivative/ FTC FTC

Cumulative Sums RS Is the sum of infinitely small f (x)dx in the [a, b] range?
The sum of the changes

DI DI froma to b ) fb f(x)dx representation is the integral of f(x) function
DI depending on function *

from a to b. This integral is a definite integral.

Frequencies of the participants for the 1% question in the pre- and post-integral test are given
in Table 2. In the pre-integral test, it was observed that most of the participants (n=23) said

ucar
SR
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area under a curve for ff f(x) dx representation. In the post-integral test, 26 of the

participants associated this representation with the area under a curve, 17 of them associated it
with inverse of derivative/FTC and 19 associated it with the cumulative sums.

Table 2. Frequencies of the participants for the 1% question in pre- and post-integral test

Category Pre-IT (f) Post-IT (f)
Area under a curve 23 26

Inverse of derivative/FTC 9 17
Cumulative sums 1 19

DI 4 5

When the participants’ responses were examined, it was seen that there is a remarkable
change in the cumulative sums category. In addition, for all categories, there was an increase
in the number of participants in the post integral test. Figure 2 shows one of the participants’,
P23, response to the Ist question in the pre- and post-integral test.

Pre-1T Post-IT

.

Area of a region from a to b
The area of a function f (x) between a The cumulative sum of very small pieces in the
and b region from a to b

[} f@)dx = lim B, f(x) Ax; = F(b) — F(a)

Figure 2. The responses of P23 to the 1% question in the pre- and post-integral test

For the question “Is the definite integral related to limit and derivative? Explain your response
with reasons.” codes and categories were identified, and 24 codes have been created in total.
12 codes which contain DI and limit relationship were combined into 4 categories and 12
codes containing DI and derivative relationship were combined into 6 categories as shown in
Table 3.

Table 3. Categories, examples of codes, and descriptions for the 2™ question in the integral

test
Category Examples of Codes
RS While expressing with RS, limit is used.
- The limit is used in the calculations of the lower sum and the upper sum
E  Indirect There is a cyclical relationship between limit, derivative and integral. Derivative and
j Relationship limit constitute the basis for integral.
8 Not Related No relationship.
Other Have no idea or unrelated explanation
FTC FTC
4 InV;rsg of Integral is inverse of derivative
5 derivative
.2 Change Derivative is used when calculating the amount of change
g Indirect . .
- . . Derivative affects integral.
= Relationship
- Not Related No relationship.
Other No explanation or unrelated explanation
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The distribution of the expressions of participants to explain the relationship between DI and
limit is given in Table 4. In the pre-integral test, it was observed that the participants generally
expressed an indirect relationship between DI and limit. In the post-integral test, it was
observed that the participants except Po, P2, P22 and P27 explained the relationship between
DI and limit by referring to RS.

Table 4. Frequencies of the participants in pre- and post-integral test for DI-limit relationship

Category Pre-IT (f) Post-IT (f)
RS 3 24
Indirect Relationship 12 2

No relations 1 -

Other 12 2

The frequencies of the participants explaining the relationship between DI and derivative is
given in Table 5. In the pre-integral test, most of the participants who explained the
relationship between DI and derivative stated that integral is the inverse of derivative. In the
post-integral test, 13 participants explained the relationship between DI and derivative by
referring to FTC.

Table 5. Frequencies of the participants in the pre- and post-integral test for DI-derivative

relationship

Category Pre-IT (f) Post-IT (f)
FTC 2 13

Inverse of derivative 12 12

Rate of Change 0 1

Indirect Relationship 3 1

No relations 1 0

Other 10 3

Some participants used FTC and RS simultaneously while explaining the relationship
between DI and the concepts of limit and derivative as it is shown below:
DI is associated with limit and derivative. If we explain this relationship mathematically:

()FTC = [ f(x)dx = F(b) — F(a)

(@)f; fG)dx = lim ¥, f(x)Ax,

The responses of the participants to the 3™ question in the integral test showed a remarkable
finding. The participants (n=25), except P1, P> and P2s, said that “Integral instruction should
start with indefinite integral and then DI” in the pre-integral test. The participants who
considered the necessity of starting with indefinite integral emphasized that integral must be
learned with their rules and formulas at first. The participants, except P, Pg and P2, (n=25)
said that “Integral instruction should be start with DI and then continue with indefinite
integral” in the post-integral test. The participants who considered the necessity of starting
with DI stated that “firstly the purpose of the integral should be taught, and the meaning of
integral should be explained”. In the post-integral test, Pi stated that he did not understand
area-volume calculation-oriented problems in the high school and that integral teaching
should be start with DI as it is given below.
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When I think about my high school education, I come to realize that I didn't understand
anything about the volume and area calculation problems related to integral and I couldn't
solve them. Now, I know that there's a reason behind it. I think it's more appropriate to teach
Dl first, and then indefinite integral.

In the 4% question regarding the calculation of [~ e*dx, [’ esdx, [ eV*dx, [ e* dx

a a a a
integrals in IT, the answers of participants were evaluated as correct [C], partially correct
[PC], incorrect [IC] and no response [NR] as represented in Table 6 below.

Table 6. Frequencies of the participants for the 4™ question in the pre- and post-integral test

b b b b
f e*dx f e3dx f eV¥dx f e* dx
a a a a

Pre-test Post-test Pre-test Post-test Pre-test Post-test Pre-test Post-test

C 28 28 25 28 9 11 0 11
PC 0 0 0 0 7 5 2 6
IC 0 0 3 0 6 5 11 5
NR 0 0 0 0 6 7 15 6

All participants calculated the integral f: e*dx correctly in the pre- and post-integral test. In

X
the pre integral test, only three participants calculated the integral f; esdx incorrectly while
in the post integral test, all participants calculated correctly.

While there were no participants who correctly calculated the integral f; e*dx, only two

participants calculated it partially correctly in the pre-integral test. In the post-integral test, a
remarkable difference emerged, and 11 participants calculated correctly, and 6 participants
calculated partially correctly. There has also been a significant decrease in the number of
participants who calculated incorrectly and those who gave no response in the post integral
test. In addition, participants who tried to solve the problems by using algebraic methods

b . . o
(J, e*dx = e*I§ = e’ — e?) in the pre integral test stated that given integrals correspond to

the areas under the curves in the post integral test. For instance, P14 wrote: “If can be found by
drawing graphs of all of them and calculating what falls under a curve in the (a,b) range. If
we know how to draw the graph of function e* and if (a,b) are given to us, we can calculate
the area without using a formula.”

In the 5™ question in the integral test, the participants were given a graph of a f(x) function
located in the coordinate axis and asked “How can you calculate the area between the graph
of f(x) function and the x-axis? Explain your response in detail.” In the pre integral test, all

participants algebraically expressed area of a given region either in the form of f: f(x) dx or

in the form of fac f(x)dx + fcb f(x) dx. In the pre integral test, none of the participants used
RS or cumulative sums. Figure 3 shows the response given by a participant to the 5" question.
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(Pre-IT)
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Firstly, it can be calculated with ff f(x)dx. Also, we can divide the area below this graph into
polygons and we can calculate the area. For example, an infinite number of rectangles with equal
bases.

b—a
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Ax = ,= limEf(xi_l) Ax =11£ic)2712f(xi) Ax = Jf(x)dx
i=1 i=1 a

n n—-oo

Figure 3. An example for the participants’ responses to the 5™ question

In the post-integral test, all participants stated that the area can be divided into very small
pieces in the form of rectangles to find the area of the specified region, as well as calculating
the area with the help of RS.

Findings for Semi-Structured Interviews

The responses of the participants to the 1 question in the interview were categorized
as area under a curve, an integral with known boundaries and cumulative sums. Frequencies
of the participants for the 1% question in the interview are presented in Table 7.

Table 7. Frequencies of the participants for the 1% question in the interviews

Pre-interview (f) Post-interview (f)
Area under a curve 24 27
An integral with known boundaries 13 4
Cumulative sums 2 27
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In the pre-interview, most of the participants (n=24) responded to the question “What is a
DI?” as the area under a curve. Moreover, some participants (n=13) also said an integral
which has known boundaries. On the other hand, in the post-interview, almost all participants
indicated DI as area under a curve (n=27) and cumulative sums (n=27). For instance, while
P23 stated that DI is area under a curve in the pre-interview, she could associate DI with RS in
the post-interview as shown in below. In addition, the participants P7, P17, P1s, P27 explained
DI as “integral with known boundaries”.

R: What does DI mean?

P:3: Think about an axis. It could be the coordinate axis. Let’s think about the curve of an f(x)
function on the x-axis on the coordinate axis. Let’s make a boundary for? the remaining
region between the curve of this f(x) function and the x-axis in the [a,b] range. We can use DI
whenever we want to calculate the area of this region... In order to calculate the area of a
region I just mentioned, we can divide the area into very small rectangular pieces. We can
calculate the area of the entire region through the areas of the rectangles. This is also used in
DI, but the logic is different. The more we increase the number of rectangles, the closer we
can get to the actual value of the area. We can minimize the difference between the lower
sums and the upper sums. This means Riemann sums...

The participants’ responses to the 2" question were evaluated as no response, partly to be
informed, identified with RS. In the pre-interview, it was observed that great majority of the

participants (n=20) did not know f: f)dx = lim Y7, f(x;).Ax;. In addition, 8
n—->oo

participants (P1, P2, Ps, P1o, P21, P24, P25, P2g) mentioned such as “the lower sum, the upper
sum or may be related to the RS”. Following excerpt illustrates this situation.

R: Can you explain the expression f; f)dx = lim Y, f(x;).Ax;?
n—>00

Pi7: Hmm, there’s something about integral and the sigma notation.
R: What do you think when you see this expression?

Pj7: Integral, DI, limit, and sigma notation.
R: So, what do you want to say about equality offf f(x)dx and lim Y7, f(x;). Ax;?
n—>0o

Pi7: On one side there is DI, on the other side there are limit and sigma notations, frankly 1
could not make any connection...

In the post-interview, it has been observed that all participants identified
f: f(x)dx = rlll—t?o Yieq f(xp). Ax; expression with RS. P2’s response to this question during

the interview and his drawings were presented below.
R: What does DI mean?
P>: It means the area under a curve. Riemann sums.

R: Riemann sums, can you explain the sums a little bit more?
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P>: Let’s have a curve on the graph. y = x?. We divide this region into the pieces. We can
divide it into infinite number of rectangular pieces...

R: So, how does it give you this integral, can you explain it a little bit more?

P;: Take the x, point on the x-axis, for example, and the f (x1) point on the y-axis. Let’s take
the x, point right next to it and take the f(x,) point on the y-axis. Now x, — x; length is the
width of the rectangle, which we call Ax. The length of the other edge of the rectangle will be
f(x1). In this way, if we can find the edge lengths of all the rectangles, we can show them
with the sum symbol and we can find the area [P> writes the whole expression]. And then
when we compute limit while n goes to infinity, it gives us DI, a real value.

R: So why are we computing limit?

P>: We actually have two goals. First, we increase the number of partitions by taking n to
infinity. And when we increase the number of partitions, we can get closer to the real value.
Second, it reduces the difference between the upper sum and the lower sum and is equalized
when goes to infinity. Actually, they re the same.

R: So, what does the error mean?

P;: For example, when we divide this area into three pieces, the resulting area and the area
when we divide it into five pieces will be different. In fact, we’re getting closer to the actual
area when we increase the number of partitions.

R: So why does it happen?

P>: Because there are too many gaps. [P2 shows the area between the rectangles and the
graph] (see figure 4 below). The upper sums and lower sums are equalized if we draw
infinitely.

R: So, why are we multiplying f (x;) and Ax;?

P;: Because we found the area of the rectangle, one with a short edge and one with a long

edge. The value of this area is actually equal to the expression f: f(x)dx. That’s equal to
F(b) — F(a).

R: If there is such an equation [pointing f; f)dx = lim Y, f(x;).Ax; to P2] (see figure
n—-0o
4 below), then, is there a relationship between f(x)dx and f(x;).Ax;?

P>: Of course, there is. One [pointing the f(x;).Ax;] with a long and short edge of the
rectangle and the other f (x)dx is representative. For example, because there is area in this
question, these are long and short edges, and if there was a distance on the other side, there
would be time and speed. In addition, Ax can be very small amounts of edge length, time and
so on, and the other one can be the length of long edge, speed and so on...
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Figure 4. Additional drawing by P> in the interview

Discussion and Conclusion

In this study, the TPD was designed according to the emergent modelling approach.
During this process, pre-service teachers were engaged in eight modelling activities. The
integral test and semi-structured interviews were used to evaluate understanding of DI with
the help of RS. Pre-service teachers participated voluntarily in the TPD, and it was seen that
they were willing while implementing activities. In the selection of the participants, the
researcher’s experiences, observations, and opinions about the pre-service teachers were
factors. While conducting qualitative research study, the researcher should know the
characteristics of the individuals in the study group. In this research, the first author’s
opinions regarding the characteristics of the pre-service teachers that he spent a long time
with made the research strong.

The idea of “partition” was effective in the emergence of integral concept (De Souza, 2012)
and it constitutes the basis for RS (Heath, 1912; Thomas & Finney, 1998). The use of RS for
the conceptual understanding of DI is proposed in the literature (Mahir, 2009; Sealey, 2008;
Thompson & Silverman, 2007; Ferrini-Mundi & Graham, 1984). In the TPD, a hierarchical
structure consisting of the development of the idea of partition, the use of RS and the use of
DI was designed. In line with the findings of this study, it was concluded that the modelling
activities in the TPD were appropriate to the purpose of the study. These findings were
consistent with the related literature because engaging students in mathematics and science
activities help them understand RS and DI (Jones, 2015b; Sealey, 2014).

. : . b
The participants usually described representation fa f(x)dx as the “area under a curve” or

“inverse of derivative” before the TPD in the pre-integral test. The findings of the pre-
interview supported this situation. The descriptions of the participants as the area under a
curve show that they have a limited understanding of the concept of integral (Sealey, 2008). It
also supports the view of the “area under a curve” image (Sevimli, 2013) that stands out for
DI as a concept image of the participants.

Although the participants have calculated f: e*dx, f; eg dx integrals, they had a difficulty

in calculating f: eV* dx, f: e dx integrals. This indicates that integral problems with

procedural calculations can be easily solved. Furthermore, only one pre-service teacher could
describe DI as a cumulative sum before the TPD. This can be the indicator of the fact that the
relationship between DI and RS is not known. This finding is also consistent with the findings
of the study conducted by Gonzalez-Martin and Camacho (2004), in which very few students

explained RS through the ff f(x)dx integral. The fact that the participants could not express
cumulative sums before the TPD also shows that their knowledge of RS is not sufficient.
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The area under a curve, inverse of derivative and cumulative sums, was expressed by Girard
(2002) and Ostebee and Zorn (1997) to draw attention to the understanding of the integral. At

the end of the TPD, the pre-service teachers specified the representation f; f(x)dx in at least

two categories consisting of area under a curve, the inverse of derivative and cumulative
sums. This indicates that the participants’ knowledge about DI have changed after the TPD. In
addition, at the end of the TPD, most of the participants expressed DI as cumulative sum, the
image of which shows the relationship between RS and DI. In this context, the TPD has
enabled the pre-service teachers to establish the relationship between RS and DI. This
necessitates the use of modelling activities, especially in integral courses in which the
traditional method is used.

Establishing the relationship between integral and the concepts of limit and derivative is also
important for the understanding of DI. The relationship between DI and derivative concept
comes to the fore front at the point of algebraic processes or procedural understanding
(Rasslan & Tall, 2002; Orton, 1983). Before and after the TPD, the participants were able to
associate DI with derivative. One of the important differences that emerged after the TPD was
the increase in the number of the pre-service teachers who associated DI with FTC. Lack of
conceptual image for the concepts of cumulative sums can be the reason for the difficulties
experienced in understanding of the FTC (Thompson, 1984). It can be said that the TPD can
eliminate this deficiency.

The relationship between DI and limit concept comes to the fore front at the point of
understanding RS (Sealey, 2008). Before TPD, it was stated that there was no relationship
between DI and limit or that there was an indirect relationship by the participants. This can be
further evidence that the relationship between RS and DI has not been established by the
participants. At the end of the TPD, the participants were able to explain the existence of the
relationship between DI and limit, which indicates that the relationship between DI and RS
has been established. This also shows that the understanding of DI has enhanced (Thompson
& Silverman, 2007).

Another indicator for the understanding of DI is the meaning of
f: f)dx = lim Y7, f(x;) Ax; equality. This equation also shows the relationship between
n—->oo

the symbolic expression of DI ( f: f(x)dx) and RS (lim Y7, f(c;) Ax;). These expressions
n—>oo

in theoretical structure were understood with the help of the TPD. The next step for the

understanding of DI is the use of FTC. The majority of the participants established

lim Y-, f(c;) Ax; = f: f(x)dx = F(b) — F(a) equality by thinking two equalities that are
n—oo

F(b) - F(a) = [, f(x)dx (FTC) and lim B, £ () Ax; = [} f(x)dx (RS and DI

together. This equality shows that the possible meanings of DI and the structure of RS were
understood together by the participants. This situation reveals that most participants’ model of
DI shifted towards model for DI, and they reached the relationship between RS, DI and FTC.
On the other hand, it may be considered that six-weeks teaching process is not enough for the

participants who could not express this equality lim )i, f(c;) Ax; = fab f)dx = F(b) —
n—-0oo

F (a). This can be attributed to lack of prior knowledge about function, series (Ergene &
Ozdemir, 2020b), limit, derivative or infinity (Caylan Ergene & Ergene, 2020; Ergene,
2021b) concepts.
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After the TPD, it was seen that the participants’ solutions for f: e* dx changed. The

participants drew graph of f; e**dx which cannot be solved algebraically. Moreover, they

also used graph even while solving integral problems (4™ question) which can be solved
algebraically. These two situations were important findings that show understanding of

integral. In addition, the participants who interpreted f; f(x)dx in 5" question as only the

area under the curve used RS after the TPD. This situation can be considered as significant for
the establishment of the relationship between DI and RS.

Implications

As a result of the TPD, the participants associated DI with the area under a curve, the
inverse of derivative and RS. The idea of partition and the association of DI with RS
enhanced their understanding of DI. The use of modelling activities has increased the
achievement in integral by enhancing understanding of DI. For this reason, calculus courses
can include activities like the modelling activities used in this research. In addition, similar
teaching process can be designed to enhance the understanding of other concepts of calculus
such as derivative, limit and series.
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Appendix

Teaching Process of Definite Integral (TPD)

TPD was designed for the first author's doctoral dissertation. Literature review, expert
opinions and researcher experiences were effective in the design process. Activities in TPD
were based on the Development of Disintegrating Idea, Using Riemann Sums and Using
Definite Integral. Activities, their purposes and references are presented below.

Activities Purpose References
Ai: Motorized Courier Development of Disintegrating Idea (Thompson, 1984)
Aj: Karasu Coast Disintegrating Idea and Introduction to RS (Kogak & Erdogan, 2013)
As: A Broken Odometer Using RS and Introduction DI (Stein & Barcellos, 1996)
A4: Non-Uniform Rope Using RS Sums and Introduction DI (Stein & Barcellos, 1996)
As: Marking Using DI (Erbas et al., 2016)
As: Ivriz Dam Using DI (Sealey, 2008)
Evaluation I: Student . .

. Evaluation of Ai- Ax- As Designed by the researchers
Service
Evaluation Il: Chain o ¢4 uation of As- As- As (Adams & Essex, 2003)
the Roof

For the validity of the designed modelling activities expert opinions were taken and for the
reliability of the designed modelling activities a pilot study was conducted. Modelling
activities were analyzed by using the Riemann Integral Framework (Sealey, 2008). The
modelling activities in TPD were designed according to the emergent modelling approach
(Gravemeijer, 1999).

Since TPD is a part of a doctoral dissertation, it does not seem possible to include whole
process in the article. For this reason, in this research the effect of TPD on the understanding
of Definite Integral was given by providing some information about TPD. Readers who want
to get detailed information about TPD can contact to the responsible author. In this section,
some of the modelling activities used in the TPD were given with brief information.

Areas of Shapes

Calculate the area of the shapes given above.

Ai: Motorized Courier A Motorized Courier who will carry a cargo from Sakarya
University to Marmara University, sets off by motorcycle. Right
after the courier sets off, he realizes at 2 pm that his speed is 80
mi/hr and the speed increases to 90 mi/hr at 3 pm. Moreover, he
does not face with situations that will delay traffic such as traffic
lights and environmental conditions throughout the road. If the
distance between the courier and the delivery address is 170 miles
at 2 pm, how far may the courier need to go further at 3 pm?

After H; and A, the researcher tried to convey disintegration idea by using questioning and brainstorming
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methods.

Then, H, was given to the pre-service teachers as a homework.

Homework: H;: Area Under a Curve

For the graph of a function y = x2, find the area of the region bounded by x — axis, x = 0 and x = 2
in Region I.

A;: Karasu Coast

For greening Works, Sakarya Metropolitan Municipality wants to turn a certain area between the river and
the road into green on the Karasu Coast. The shortest and longest distances between the road and the river
were represented in meters. As it is known that 18 TL will be paid for the grass to be planted per square
meter of green area, how much will the required grass cost for the project be?

Shortest Longest
Distance to Distance to
Road Road
1 0 18
2 16 20
3 15 27
4 26 30
5 23 28
GREEN AREA 6 24 33
7 33 35
Road 8 12 33
A4: Non-Uniform Rope A thin rope with a length of 3 cm is very light at one end and gradually
gets heavier towards the other end. In reality, its density is x? grams
—— per cm at a distance of x cm from its light end. Calculate the
Rope approximate weight of the rope as shown in the figure below.
Ag: Ivriz Dam ._ A uniform pressure P applied across a surface area A creates a total

force of F = PA. The density of water is 1,003 kg per cubic meter, so
that under water the pressure varies according to depth, d, as P =
1,003d. Find the total force exerted on a dam that is 1000 meter wide
and extends 30 meter underwater.
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